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The energy levels of spin coupled systems containing
up to six polyhedrally arranged magnetic centres are
detailed, together with some appropriate to distorted
polyhedral arrangements.

Introduction

There has recently been considerable interest in
polynuclear transition metal complexes and in ma-
gnetic properties of mononuclear complexes over an
extended range of temperature. These have combined
to direct attention on the phenomenon of antiferro-
magnetism because of the spin-spin coupling inherent
in most polynuclear systems and the weak residual
coupling often found even for magnetically dilute
materials at low temperature. The interpretation
of this antiferromagnetic behaviour requires a suitable
theoretical treatment based on a spin-coupled model.
Spin-spin coupling is involved not only in the inter-
pretation of magnetic susceptibility data but also in

that of electron-spin and magnetic resonance measu-

rements.

In these latter a considerable number of situations
have long been recognised and discussed in the lite-
rature. Where a parallel exists, these are at once
transferable mutatis mutandis to the interpretation of
magnetic susceptibility results. However, not all spin-
coupling arrangements which are needed for the
static measurements are available in the literature on
resonance methods, and in this paper we give the re-
sults of calculation which are particularly appropriate
to the former. In particular, we consider spin-coupled
arrangements of magnetic centres arranged at the
corners of regular or distorted polyhedra. We shall
consider an effective Hamiltonian of the form

H = iz] —J4;S: . S (1)

A positive J indicates ferromagnetic spin-exchange.
System of spin 14 are discussed first and then some
of the simpler systems of spin greater than one-half.

Spin 1> systems. For n-centres of spin 14 the basis-
set contains 2" spin-functions, which, with the above
Hamiltonian, leads to a 2" 2" secular determinant.
This is already partially diagonalised, because the
non-zero elements are restricted to the leading dia-
gonal and those off-diagonal elements between
basis functions of the same total spin. We note that
the dimension of the blocks for the n-centre problem

may be found from an appropriate binomial expan-
sion. However, these blocks are sufficiently large to
be difficult to solve in cases involving four or more
centres, unless the problem is further simplified by
consideration of the symmetry of the cluster. This
simplification may be achieved readily, as we illustra-
te by considering a tetranuclear cluster with a C
symmetry. The basis set contains sixteen spin func-
tions.

112 = Js {short)
Is4= JL
T = J1= Tpg= Tpg = Im

Figure 1. A Distorted Tetrahedron of C, Symmetry

Adopting a nomenclature for the basis set illu-
strated by the following examples

a® = BBBB) all2 = aBaB, Bz = (lBaa(Eam’)
the following blocks are obtained:
<e| | <p|

| o> =L+ 1+40) |e>—Latn+40 @

<alf <at| <at| <ad|
Jh 1 _1 _1;
|a> e —'2—]- 2 Ja 2 Je
1 Ik _1 1,
fa> - -2." % 2 Ja 2 Tu G
1 =8 1
jat> -1in -4 Ik -4
1 1 1 I}
| &') - '2—]- - ?]- - 3"1 +
and an analogous matrix for the 8.
<ad'| <ag'| <ad| <aa'| <ol <au'|
jaat> -"L"!"—" A L 1 0
: + _1,
jod> -4 I 0 .
L+h 1
e > ——;— - —%l. % 0 --i-l- —?l- (4)
Kail 1 1
jou' > - -h 0 A L 1
o+ 1
jau' > ——;—l. 0 - %l- —-;‘ i ,f —-2-'-
. ° R A L 1 Becdeh
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The 4X4 and 6 X6 matrices may be diagonalised
by eigenfunctions generated by symmetry using the
Cy, character table. The z axis bisects the edges 12
and 34 and we arrange the other axes so that 12 is
parallel to the xz plane and 34 is parallel to the yz
plane.

For the a' functions the following orthogonal
combinations are obtained.

a(A) = ‘2 (@ +0)
a'(A): = (o' +a4')

(5)
a'(B) = (o' —a')

1
a'(B) = ———a/'—a)
> 2

Using these functions the 4X4 o' matrix diago-
nalises partly to

<atAnl  <a'tA)| <aB) <a'(B)
laan> Tk = 0 0
la(A)> —Ia # 0 0 (6)
[a(B) > 0 0 31, 0
| ai(By) > 0 0 ilzi

The two eigenvalues arising from the a'(A;) eigen-
functions are obtained as solutions of

__]"__]'s _ '—]m
4 i =0 (7
s
_]m 4
whence
E o —II_IH]m —Il”]s+4]m
4 ’ 4

The roots of the secular equation may be used to
obtain the eigenfunctions corresponding to these ei-
genvalues

a(A)e= % @itataita) B Tl (oLl

1
y Ji+1—4])

a'(A)y= %(anl + o' — o' —aut) Ev=

It is evident that a'(A,), is the second component
of a spin-multiplet °A, at energy E=———Zl—(]1+]s+4]m).

The components of these multiplets are connected
by the spin-shift operators S¢,, and S(.,. For exam-
ple, it is readily shown that

Se®) =1.a/+1.a,"+ 1 Loyt = 20'(A)).
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Thus when more than one symmetry function be-
longs to the same representation, the normal func-
tions are generated by means of the spin shift ope-
rators*.

The six a;? functions give rise to the following
symmetry functions

a(A) = an’

al(A): = oy

aX(A)s = %(anl'i‘duz-{- o'+ 0ta?)

a(A) = -;-(a.,’—a,.‘—-az,’+az.‘)
®)

o’(By) = %‘(Guz—-ﬂ-uz + o’ —0d?)

a’(B) = -%—(an’+ Al =™ —0?)

St (Ar)s) — (A, =
(@it st ot o o) = L
° (@ (A + (A +2a'(A)))
Scola'(A) —> a’(A)y =

1 1
it = @A) —a(A)
2 vz o
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and the third, orthogonal, a*(A,) function is —-I——(az-
(A1 + aH(A)r—a?(Ar)s) 3

a}(Al)c = (2a~|z2 + 20037~ auz—'ﬂ-uz—azlz— dzdz)

Viz

These 6 a;* functions diagonalise the 6 X6 matrix.
The final energies obtained are

A, ZL (et i +41w)
4

B, % GI—1)

A, L7 S O
4

3 REPET I

B, + Gl=1)

1 1 R

A, + (8Ja=T. )

A, } Glt30)

These are shown in Figure 2.

1
—15,:8; = ~J(S,45):Ssy) + 5 (S10nSaey + 84)Sasy)

where
S“_) =S,+ 1Sy
Sy =S, — iSy

s M > =L /EGEMID GFM) | M,x1>
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We give below representations and eigenvalues for n=+¢4 Dy(square) n=4 Dy(rectangle)
systems of 2 to 6 centres of spin 1% in various geo- To=Ta=Tu=Tu=J Ju=Ju=I, Ta=Tu=],
metries, obtained in an entirely analogous manner.* Jo=Tau=] Jo=Tau=]:
n=2 Point group Doy, n=3 D, A -]:—%—L ‘A -——;—(].+]n+];)

- Ju=Ju=]a=] 1 1 1 1
Lt e 3 =]y s _— —)r— )
g 1 " 3] E 2] Bs 2]1+2] 2]
. —1
4
3] 1 1 1 1
D —_— ¥ c— )¢ 3 —)s ) ——
P n . 5 B: ] 3 ] B: 2 J. + 2 J 2 I
4 3 1 1 1
1 =2 3 — ]y ——
B, 2]: B, 2]:+ 2]1 2]:
n=3 C. n=73 Dooy , 1
! - —Jt lA a A \Us 1
o=Tu=l  Ju=l  Ju=Ju=) Jo=T Ar e~ w  gUAhI-F
4A = __i & =T __l_ 1 L
A 4 7 Py + "3 Ta Ag 2(].+L+].)+F
2p 311 13+ 37, Where
4 4 F = (24124 1= T =TT
Ti Ji
27 —_ iyt - —
‘s ‘ T n=4 D.(rhombus)
. . ]u=]. ]u=]1
In the n = 3 (Doon) case if J1=0, Jo=] there is Ta=To=Ju=Ju=].
a quartet at —14], and doublets at O and J.
1 1
n=4 Td n=4 Csv A _IC_TL_T]'
]u=Iu=’u=]z;=]u=]u=] ]u=’u=]u=11 B, }_]1_%_]'
A —3] Ja=Tu=Tu=1; 4
. —
2 3 3,_1
1 Ay —-3—]1-——3—' s B, 4 J. 4 I
T 7 1, 1
!A e )1 ")
3 A 25,3, Je=g i3]
IE )
4 " 3 3
3 _3__ __l- Bl "—]l + —"]l
E Y Is ry T 4 4
1 1
lA 2 e "Ih1—==")s
'E 3420 le—h=3]

n=4 Ca n=4 D BRIt AP} A

Jo=1s Ju=T1 Je=Tu=] —_1A‘ % (83w - Js -J0)

Juo=Tu=ls=Tu=]n Ju=Tu=Js=Ju=]

s J,—Lly L : -, —-L

A e A h—2h E Ba  %(3T-T)

°A+ % (835~ L)

3 351 s 1 /a(84In=Js~ L

B, g e S E > ) °B, 5 (3T~ Ts)

Al Jamt9.— 4 ‘B, J— 1.

B, He— 3 ‘B, 3

A Zu-dr-1, A 20— 2,

1 35,43

A; 2 Ts + " N
55 R

(*) The symmeiry labels describe only the spatial distribution of — 1 4 (Is+ TL+4JM)
the spin vectors. Complete wavefunctions would in general be anti-
symmetrised direct-product functions obtained by combination of these Figure 2. Energy Levels Arising from ferromagnetic s.pin-
mit?grg{bnnl functions. A particular consequence of this nomenclature C;il:fﬁﬁﬂ’éa" f&?ﬁ’ﬂearéﬂ'." nantras Af onin 14 aesancad in a
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n=4 (Symmetric Trapezium) C,

Ja=Tlu=Ju Jo=Is
Jo=Tu=ln Ju=h
A’ —L0et Tt 2t 210
A + 2t 2e—TT)
A" 05+ 2K)
A s+ T+ 200
A” 0Tt 2+ 20— T
1A L0t n+2dut 20+ %k‘
where

k = (Js—T P+ T )"
k' = (J24+12 44047+ 417+ 2] s—2] 2Tl 21 ] 2] sT—4Tu] 1)

n=4 Deoop
Jo=Ju=]u Ja=Js
Ju=Ju=]z Ju=T

eigenvalues same as the case of the case of the sym-
metric trapezium, C;.

n=9% C. n=3 Da n=6 O
Jo=Tu=Tuslu=ls Ju=lu=lu=ln=ln=lo=]s Ja=lu=fu=lu=lu=Ir=
Jo=lu=Jo=]n=] JIs=]u=]n=]: Je=Iu=lu=Is=]Ju=]
Ta=In=I. Ju=], Ju=lo=lu=1.
A e A N o L« T 31—
1,1 . 3.3 1y
€ Li-4n A -4, T. 13-,
B k=dh—gh A W3- & -3
A He--p E Ho-tu-40 4
B, 4. g 31+ 3 T. Lo+ 4
B,
1 . 5,_3,_1, } _3
g o+ 3 Ty -5 n, 2-3,
", n-41E ed-Ho A .
B, ftl =51 "o 2+ .
Ay 3]-——3—]-

Spin greater than 15. This procedure can be ex-
tended to centres of spin greater than 5. Whereas
in the case of spin 14 the only off-diagonal elements
which arise are of the form <af||Ba>, for S=1
off-diagonal elements may arise in three ways, so
that

<10]lo1>, «<—-10||0—-1> and <-—11][00>

are all non-zero.

For binuclear systems of S=14n, a(n+ 1?X(n+ 1)
matrix is obtained which is already in block form
for the basis set. There are two 1X 1 matrices, two
2X 2 matrices... two nXXn matrices and a central
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(n+1)X(n+1) matrix. The eigenfunctions which
diagonalise these blocks are readily obtained from
the spin-shift operators.

For more than two centres the complexity rapidly
increase and it becomes necessary to use computa-
tional methods of matrix diagonalisation. Eigenva-
lues for two centres of S = l4n for n =1 to 7 are
well known,

In general the ground state will be 4S.+1 dege-
nerate in spin and of energy —(S:;)’J. The higher le-
vels descend regularly in multiplicity by two, at in-
tervals of 25;], (25i~1)], ..., ], with the highest energy
singlet at Si(Si+1)]. Thus if S'=0...2S; is the
component of spin-momentum being considered, this
has multiplicity 25"+ 1 and its energy is 12J(S'(S'+ 1))
above that of the ground state.

Symmetry determined eigenvalues for n-centres of
spin 1

n=3 S =1 Ds n=3 S= C.
Ju=Tu=]n=] Ju=Ja=] Ju=T
A, -3] A —2]—T
°E 0 A’ I—T,
3E 2] A ]2
,Al 2] ’A' 2]1
1A, 3] ‘A’ 31~].*
A Ti+7.
1A 2]11"]1
n= S=1 Deooy
Iu=]u=]1 ]n=]l

the energy levels are the same as for the isosceles
triangle, C.
(**A’ is the ground state for J,=O0O, |, negative)

n=4 S=1 Ta
]u=]u=]u= Ja= ]u=]u=]
A —6]
T, =2]
A, J
’E J
T, ]
*Th 3]
T, 3]
‘A, 4]
'E 4]

The energy levels show extensive accidental dege-
neracy in this case.

We finally consider the effect of the pattern of
energy levels on the calculated magnetic properties.
The molar susceptibility yu of a compound is nor-
mally calculated from the Van Vleck relationship.!

NZ ( ______[E,.;(Tl)]’ + 2E.,...(2)) exp(—E,(0)/kT)
X = IW.exp(—E.(O)/KT) ©)

where the energy of the n'™ level, of degeneracy Wi,

(1) B. N. Figgis, J. Lewis in « Progress in Inorganic Chemistry »
ed. F. A. Cotton, 6, 37.



in the presence of an exteérnal field H is given by

E(O)+ Eon(1)H + Eon 2)H? 10

and N, k, T have their usual significance. It should
be noted that the term in H? arises from mixing of
the energy levels by the magnetic field itself and
contributes the temperature-independent part of the
susceptibility. It cannot be calculated using the pre-
sent approach and so an arbitrary correction, Ne,
has to be made for it.

It follows that the temperature dependence of the
molar susceptibility of a binuclear complex with
spin 1~ at each centre is given by the relationship

Yo = 2g’Nf3? 1
. 3kT 1+ —31—exp(]/kT)

) +Na an

For the more complex cases, a susceptibility equa-
tion is derived in the same way.

The first-order Zeeman effect is to split each spin-
multiplet into its 2S+4+1 component levels, ranging
in energy from —gBHS to +gBHS.

Thus we obtain the well known fcimula

Ngg | Z SolSa+ D@Sut De™™
3kT

Am = +Na (12)

§(2sn+1)e—uovﬂ
By substitution of fundamental constants,

NB?/3k = 0.1251 %

For example, for four centres of spin V2 arranged
in a tetrahedron, there is a quintet at O, a nonaplet
at +2] which consists of 3 degenerate spin-triplets,
and a degenerate pair of singlets at + 3], leading to

2
g (—2—'3'5+3'1'2'3x+0)+Na

X = 8T 5+9x + 2%
g [ 30+18x
_ H18x7 13
8T <s+9x1+2x3 + Na (13
and
X = /AT

Whilst for four centres of spin Y2 in a Ca-distorted
tetrahedron

g 30+ 6(xy+x*+xz)

m = o +Na 14
Xa = BT | 513y + X+ x2) + (X +Xy2) (14
where

X = ™7, y = "1, z = B/ T

(2) B. N. Figgis, R. L. Martin, J. Chem. Soc., 3837 (1956).
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It should be noted that the Van-Vleck approxima-
tion may break down at very low temperatures, when
cc-operative magnetic phenomena are observed for
most compounds although there may be simplifying
features for systems of spin =15. This is because
many antiferromagnetic materials form a magnetically
ordered lattice on cooling. The symmetry properties
of this lattice are described- by a magnetic space
group,” which includes spin-reversal as a basic ope-
ration. Thus such a lattice consists of ions whose
spin angular momentum with respect to a given axis
is restricted to =+8;, the eigenvalues obtained in this
case being related to those obtained for S=15 by
the simple factor 4S%. Exploitation of such sym-
metry offers real hope of simple calculations on anti-
ferromagnetic materials at low temperatures. Fur-
ther many antiferromagnetic materials show high
symmetry so that the number of symmetry-related
magnetic centres in the unit cell is usually quite
small.

The known ferromagnetic and antiferromagnetic
polynuclear complexes have recently been reviewed
by Martin.* In general it is necessary to adopt a
« best-fit » procedure to determine the values of the
several coupling constants in equations such as (14)
describing the susceptibility. When, however, a Cu-
rie point- has been observed for a ferromagnetic sub-
stance, or a Néel point for an antiferromagnetic sub-
stance, the procedure may be made a little more rigo-
rous by requiring that

%

= at T(Tx) (15)

We may obtain a general expression for this se-
cond equation by differentiation of equation (12).

aXm = Ngzﬁl a rEn Su(Sm+ 1)(2S.+ l)e—uo)/n

oT 3KT \ 9T

T(2S. 4 e
—%(x,..—Na) (16)

For example, differentiating equation (11) we obtain?
((J/KTe)—1) exp (J/KT:) = 3 an

whence
J~16kT.
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